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P’

NIJLTI-DIMENSIONAL HYBRID-SIMULATION TECHNIQUES

IN PLASMA PHYSICS
. .
‘w

Summary

Multi-dimensional hybrid emulation

ken developed for uae in otudying plaam
extsnded time and dletance acalea. The

fundamental use of the small Debye

❑odels have

phenomena on
models make

length or

quasi-neutrality aaeumption. The ions are modeled by

particle-in-cell (PIC) techniques while the electro!,a
are considered n collimion-dominated fluid. The

fields are calculated in the nonradlntive Darwin

limit, Sme electron inertial ●ffects are retained in
the Finite Electron Maaa ❑odel (FEFf). In this wdel,

the nuaai-neutral counterpart of Poisson’a ●quation ia
obtained by firnt ,smmnl ng the ●lectron and ion

momentum equatlona and then taking the quaal-.leutral

!imtL. The result lng alliptic ●quo:ion Zivea

ambipolar electrostatic potential but neglects the

Bhort-ran@e fields.
‘P

In the Zero Electron f’faaa

(ZEM) ❑odel ●xplicit uae la -de of the axiaymmetrlc

prapertiee of t~e model to decol.>le the components of
the roodel equations. Equationa to self-conalatcntly
advance the electron Temperature have recently been

added to the acherue. The mode; equatlona which result

from these conslderationa are two coupled, nonlinear,
aecmd order partial dlfferer,tial equationa. Thune

two equationa ure integrated in time by a nonlterative
ADI procedure along with tht explicit PIC ion time

lnteuratlcm procedure. The reaultlng nearly implicit

●lectron-field algorithm treata wide varlationa In the
local signal velocity without Ina.ability; thla

conaideratfon la moat important atnce arbitrary

intermixing of p!aama and pure vacuum reRlont3 are

fillowed.

lntroducLlon—.——-._—
A plaarna aimulfltion method taht can deacrlbe

macroscopic phenomena while Including particle lon

●ff~ctn in high-B plaamaa haa considerable utility in

mmRnetic fuu ion research. Of particular Interest ● re

plaama phenomrna with rncale lengths comparable to ion

gyro-radll on thr order of c~ntfmrters and time■calem
on th~ ord~~r of a few tens of Ma or longer. Exampleo

of plaamab with ouch parameter abound in hlsh-~
controlled tualcwr research with tvplcnl plaa

Y
parameter ranging between 1012 to 101f”partirlea/cm ,

ktween 50eV and 2 kcV for temperatur~irn, and hetwren I
and 15 kC fo( ma~net!c fields. In thim hyhrid regime,

the denelty, tempcrmturea, ●nd magnetic fi~ld are ●uch
that thp Iorrn nre cnaenttaliy collialnnlcas and hnve

orbitn nl loving th~m to ●mp~rience larRe vari~tiorra in
●l@rtromaRnetlc ficldm--requiring a Vlaaov treat-nr

of the l-mm. Electronm experience =rty ■ore

collinlrrnn than do ionn and/or h~ve relntiv?ly ●mali
Larmor o,.hit~. Electrrrml behavior ia mlequately

modelrcl an a collim!on domlnmtad, thermal fluld.
Hultldime~la~cmtl nlmulnt{on p’ ouch plaarama in th~

pant wan r~mtrictpd to rndcla d#mrrtbinR only IICHD

b~ll~v!or ~nd did nut Inrlurl? all the physical ●ffectn

demirrd. Cnnvermeiy, full nltctron ● nd ion

pnrticlr-in-crll (PIL) trchrriqu~n provid~ more deta~la
alw]ut planma hrllnvlrrr Llian arr Iwed?d for macroacrrplc

●tudlca. what la nc~d~d are hyhrld mndeln which

dencrih~ planman ulrl) at lenmt two Ieveio of drtall

hetw?cll th?a- run ● ntremrm.

ThtJ firnl I@vrrl nf detail ia ●till microacnpic in
that elimlrration of pl~ama ●nrl/or alcctron cyclotron
nocillnl ion in morp Impurtriut thnn cnnmidrrntionm of
marroac[>plr aromet~ry. The ibpnrLnrrt qurntionm in

thla faat hybrid (FH) regime concern the behavior of
microirmtabllitiea on the lower-hybrid or slower timdlN.Ofi&.i.
scale. Some remnanta of electron inertia must b ‘“”
retained in order to correctly mode 1 composite
frequenciaa faater than simple ion oaclllatlon~.

Several potentially useful multidimensional
models have been developed for aimlation in this FH

regime. These models fall into three claaaee:
lmplicft l’IC techniques, hybrid modelo baaed upon the
small ●lectron Larmrrr r~dlua r

baaed upon the small Dabye %’ng;;d )~!ridlm~~~:~
particle methode ● re the moat recent and ambitioua
methr,da designed for the FH regime, Such ❑ethods will
no aoubt become import ar, t techniques for
❑lcroinetability simulation in the future. The

●aaumption of small rce ia uoed in ●lectron guiding

center modcla which work well for low-B plaama
phenomena dominated by ntl,ocla Mgnetlc fields.
Limitation arine for nuall magnetic fields in a
high-B plaamm where the more ●ppropriate expanalon
parameter la the Debye length % --equivalent to
●asumlng quaai-neutrality alnce plaamaa deviate from
charge neutrality only on scale lertgth~ amail compared
to An, Our quaal-neutral flnlte-electron-mano (FEFf)
hybrid modcll haa been designed to opernte !rr this FH
rrgime. Through separation of the ●lectron current
● nd ●lectric fiald into irloratlonal and oolenoidal
co.nponentm, ●lectron plaama oacillatlons and the
aaaociated time step reatricLIOnO are eliminated from

the model. Other electron lnertlal efferta neceaaary

to describe moat microinatabllitfea requiring finltr

‘ce art retained.
In th~ alov, macroacoplc, hybrid regime (SH), thr

u time ●csle la ●till too reatrictivt since there Is
n~equastion that nll electron inertial ●ffectn can b

neglected. Tt-i# regime requiret ● mudtl with mamnlerIM
fluid ●lectronn and ionm represented by either a
standard PIC techniqu~ or aa a finite-maaa, Lhermal

fluid--- the first Important non-MHt ●ffecta url#e frrrm

●imply representing the plaama

..–.!” ●

two componr.nt

fluid. The model by Bycra ● t ml. provlden an avenu.-

into thla parameter regime--parLicularly an ●x.ended

recently by Harried’. A difficulty in that th?nr
hybrid technique all r?quire division by dennlLy in

the ●lect ron and field ●quotlonn in ●@ch plaamn

computational call. This feature producen ●-naitivity
to fluctuation fn rcglona of lrIw but finlt~ dcnaity
and will not describe regiunm with ceru d~nsity.
Rcc?ntly ● new rn?thod of oolution for the rel?vant
combination of electron ●nd radlationlenn fl~ld

●quat iona haa been devcloped~. Tbim frcrmwlatlon

gr?atly rcducea the Io-dcna tty-flucttia! inn prohlrm
and ●llowa ●rbitrary plaama-vacuum intemlxfng wlthrrtlt
hnvlng to follm plaa~-vacuum lntcrfar~n. ““-”’-

Ion Time Advan,h@.-.. . .
The Ion p]aare.a comporr~nt ‘“l’s- r~pr~m~rrtrd hy a

diacrcte ●@t of partlclcn. Amnoclrnr?d uIfh rach

particle ●re ● maaoj ● charB?, two prrnlt Inn

coordinate, and thrrr V?lr)city Coordlnnten. Fly

appropriately ifiitlalitinfl Lh@m@ parll(l-n In VOIOCIIY
●nd poaitfon, ●rhl Lrary low-order vcloclly ❑omrnts of
th~ ion diatrlhut ion ran k r~pr~atnted. The ion~ are

●dv~nred in tfmp by ●teppin~ fo~ward Qnch pnrltrlo
with the local ●clf-ccrnalat~l!t I,orentr fort,- umln~ 1’1(:

tcrhniquen. The part lcl~-nteppirrg ●lgrrrithm’ unrrn [hr
following eqL*atlnrrm which nro ticrt~nd ordrr acruratr In

th~ tiw ●t~p AL. Expilcltly,

/
Dlsllw’limlofTlilsllummlhllniluiwl

m. uEdE”~~ ‘“l ‘



.

0v-v ‘1/2 + ~EO
-- 2-
“1/2 - fy -1/2 + h (EO + RBO + ~“ x so)

.. (1)

>~~ea:d:,,btfm. f-1.-( hf20)2/2 ●nfj g~ty~~~z;~~~:
are correct to order At .

●ach time etep, the velocity momenta, P (deneity), ~i

(current), and ~i (divergence of the ion kinetic

tensor), are calculated by averaging over the new

po~itiona and velocltien of the particlea.

The Finite Electron Pfaen Hybrid Pfoael.— —. .
The FEH model ~keo uqe of quaei-neutrality ●nd

retalrra some anpecte of finite ●lectron mean. The
aolenoidal part of the electron current ~

finite ●lectron inertia and In ● fundamental T ;:::l:

the time integration echeme--allowing this model to

display many phenomena that require finite ●lectron
cyclotron frequency LOce. in order to ●limtnate

electron plasma onclllatione, the strong coupling

between the irrotational part of the ●lectric field
and the ●lectron current Mumt be removed. The

decoupling is accomplished by obtaining the

Irrotattonnl Je from the quaoi-neutral continuity

● uation
!!

v “ 7~,+~e) - 0. Thlm equation leadl to

V V ● ~ “ 11 with ~eL - -W. The result ii a
procedure which for aultabie kundary conditions
determlnen .l=~ from il. The nubscript L denotes
lrrotattonal; the aubocrlpt t, umed later, denoteo
aolenoldal. This technique obvlataa the peed for the
irrotattonal part of the ●lectron momentum
●quation--thua ●xcluding the mtron8 ohort-range
c>upling between Jet ●nd Q.

‘ei
la advanced ●xplicity In time by dlract

●valuat on of the ●lectrnn ❑ omentum ●quation
“

where Uel 10 the ●lectron-ion collltifon freqwrncy ●nd
K-e 10 the dlverRence of the ?le~lron klnctlc ●nergy
trnanr. ~e in obtained by ●mmuming the ●lectron fluid
has the entropy of anoldealo Rae, After calculation of
th~ vector field ~e, let can b obtained by
suhtrnrt!ng the Irrotatlonal part. Jet ia ●dvanced in
tire.. by ● ●econd order in At scheme that ia ●r)alagoum
to thr Ion mcheme ●qm. (1).

A nrw technlquc In r~qulred to determine ~t (or

●quivalently the ●lectrostatic potential $) conaiotent
with th? quasi-neutral aooumption. Exact charge
n*wtrallty requires the ●l?ctrootatic field to he

id?ntlcally care. Quaai-neutrality implies only that
the dlff~renc? between the ion ●nd ●lectron charge

d~naitlem be ?verywhere ●mll in ● relative ●anoe.
Fnr thenr oituatiorrn, ● quanl-lleutral “Poimmon”
●quation can k obtained ualng only the quani-neutral

rnntlnuity ●nd thr ●um of the ●lertron ●nd 1on
mnmentl)m eqdatlona, Th@ reaultinR rll’pttc ●quatlon

ham thr form
.

CL

v“(uv$)-v”(l((+f(~ +ll~t+:rnp)in--- (3)

14nV2A. - . .lt
t-

(4)

(5)

where Czj - ~e + ~i + P(gg + Et) + f x E. The Et
calculation in somewhat mnre complicated. than the
preceding calculation of the ~~.tle’’ffdd. It hmm
been demonstrated that thm calculatim of ~ ~eda to

be fully implicit in tiws e.nca thim mods \ axhibits
inotantaneoua propagati~. To ●void ffnita
differencing in time, notlca that ~e WEE obtained for

iuae in ●q. (5) by summing the on ●nd electron
momentum ●quationa.

One additional complication in that the
queai-neutral Poinaon ●quation, ●q. (3), requlrea Et
●m ● source tarn ●nd the equation for ~t, ●q

A fully im~l[~!~requlree ~~ a) a source term,
nolution therefore requireo iteration over both El and
E-t calculation; in practice, only two or three
iteration- are required.

‘ea’’lta ‘f ‘he applicariO~ 60fw;~~n&:;e&;~~lower-hybrid-drift lnotability s
Shown below are Bt concourn of

-f
dynamic

lower-hybrid-drift instability ●t t-200 w that were
nimulated with a full ion and ●lectronpePIC model,

Fig. 1, compared to the FEM m=l reoult, Fig. 2.

FiR. I Fig. 2

The Zero Electron Plasm ~brid Ffodel—.. .—— —— —.—.—.
The t.uslc ●quationa for-—” ‘-7●dvari. lng the

●lectromagnetic fields in ●ny mlmulatinn are oi couroe

Maxwell’s ●quatlonn. Hwever, the ZEM ●anumptlon
provideo ●dditional conctralnto which nunt be utilized
to self-conoiatently advance the ●lecfror. quantities,

auci’ ●a current ~e ●nd temperature l’e, sirnultnnenucly
with the field component. Uhnt reoults la a mixture
of the ●lectron momentum ●qutatlon and Mnxwell ’s
●,~t.atlons which mutit k ●dvanced in time along with
the ion particle ●dvanc~. Theme rlcctron-fl~ld
●quatlono ● re configured for thlt work to allow nearly
impllcit timv advance of ●ll [ield and F ● ctron4quantitlea In ●xlcymmeLric cylir,drlc~l geomvtry .

In the limit of small electrvn In@r:la, the
●lectron mnwntum ●quation 10

VPTe XB
~ - - -—-

!!e
-.= + nJ

Cg c
(6)

wh?re T? ●nd IJJ ● re th? ●lectron temperature ●nd drift
vcloclty, recp~ct~valy. ~ la the iotal curr~nt and n
la the r?aistivtty. Quaal-neutrality in alno amcumed
in thlm mod~l ● 0 that the ●lectron tlenmlty Is n~arly

●qual to the ion denoity ●nd both will be d~rrnted by
the symbol CI.

AF with the YEM mdel, an i~dtat~ rcnmequence
of quaoi-noutrali~y la that the total mrrent J Dwat

k nenrly ●oienoldal, JSJt. Thin raault follow: from
th? charne cnntinui~y- equation which, fn th?
quanf-n~ucral limit, lm ~.~ 1 - ~*.ll . Thin ●quatlon
■uageats the uhoic~ of ●qua f mnd oppomit~ Irrntatinnnl

currerrrm .lIt - - i~ 1 which la fully Rcn@tal no lnrR -n
th~ boundary cond tio,ta on the currencm ● r- con-latent
with quati-n?utrallty,

To compl~tc the oet ot ~uatfrnm gov-rnlng th~

t:mv ●dvanco of electron-fiald quantltlem, Lhe
rad!atton-frm or Damin limit nf Amper@’rn law
VMfJ - 4UfC ~t ●nd Faraday’@ law VXlt - - I/c a~/at-. --



must be combined with the electron momentum ●quation

(6). Introducing the magnetic vector potential ~ in

the Coulomb gauge, ●quation (6) takea the form

where axisymmetw t. ,een exploited for EeL-O. Ae

and, consequently Br )d Bz, are advanced ir time

using this ●quation wi~ “e r and uez $OIEII’IE frOm che
curl of Boi3g, p, Uir, ar, The B3 ●quation mn

be obtained by first takin~~t%”e curl of ●quation (6)
and then replacing VXE with ~ from Faraday’a law. The
e-component of the resulting cluation la

a%e- Br [= -:]+BZ>

(8)

To complete this ❑odel, a mechanlam for advancing

Te which can proceed along with the o:her time
integration prot:edure~ 10 required. A procedure ham

recently been c’eveloped that provides nearly correct

croao field conduction and still a nonphysically IOU
but aemewhat realiatic parallel conductivity that 1s
between 102 and 103 larger [ban the croao-field

conduction. This procedure and eqa. (7) ●nd (8) thus

comprlee a met of coupled nonlinear

partial-differential ●quationa which can be used to
advance the mgnetic field in time nlong with the

annociaLed ●lectron current.

Re@_ono of SM1l or Zero Denatt~ in the ZEf4— — . . . . .—. —. ——.- .— —-- — .
T= m=n-t common difficulty with codes of thin

tvpe are 1Ow dennlty fluctuations. Denuity

fluctuatlonn always occur due to thr ntochaatlc nature

of PIC a!mulmtl on. Low dermity fluctuation produce
apiken in deneity-depend~nt olgnnl velocities which
can excerd the local ntabllity limit cmunlng the
almulaLion [0 terminate. In our method, a denoity
rt,tnff in introduced to put llmlto on theme signal
VC1OCIC1?S in the plasma. Thot,@ cells whooe drnslty

1- below this threshold are conaldered pure vacuum

crlln--not cellu f I 1 led with cold background
dwrwlty--so that tht proper Ilearly “inatanteoun”

vacuum olgnnl velocit{em arc nchleved. This cremtrs ●

dinparity in signal velocities In ●djacent cells that
int roduc~o an ov~rwhelrnlllg tire? otap constraint in
FXP1lCIL (.(~den. Consequently, Lhe field advance must

be Impllclt to some degree. Du- to th~ ●xplicit tlm

lntrRration of thr 1on component, ● time ●tep

rentrlctlon in nlready Impoa?d on the ●imulatiun
mod? 1, Thun , no mdvantagc 1- 8ained by r~quirlng the

field calculaclnns to be fully implicit. Our field
●quntionn nre ndvanc?d fn time ●cml-implicitly with

nonlteratlve AD1 no thmt unwant~d high frrqurnclen
decay ●xponrntlml]y with time. A cutoff is imposed

tllnt in connlntent with thr At constrnlnt r@aultlnR

frnm thp @Rpllt-tt ton time advance. Practically, the

cutoff vnlllr In aurh that all but two or thrac percent
of lhr parllclrm nre inclwdcd in “plaama” cells, Th@
ffrnt uar of th - Clltrlff conc~pt la found in th~
?qllntfonn fnr ye,

The density cutoff must alao k considered In
●qa. (7) and (8). Uonitorins the plaama-vacuum
interface i.n these equationa wcwld, in highly
turbulent aituationa, become t 00 t ima consuming.
Fortunately, with the excaptiou of q. (9), the
implicit time advance of the ●lectron-field ●quationa
removes the need for separate treatment of
plaama-vacuum regionn. Equations (7) and (8)
automatically respond with the appropriate phyaice in
regions of iow or zero dennity by netting n to a large

‘n 1 am
x 101IJ) value in any cell in which the

de!?a!ty dropa below the cutoff value--eliminating any
reotrictionn on the position or number of
plaama-vacuum interface.

The total ~ field in finite density cells is now
calculated from ●quation (6) using the newly updated B
field ●nd u The field calculatlono are compleLed b;z-e’
solving V ~ - 0 in the vacuum region.

Exam- of ZEf4 Simulation.—
The ZEM =del haa been uned to ~veetignte the

propertied of magnetic reconnection in field reverse
configuratlona such aa the FRX ●eriel in Los Alamoe. Y

Shown below are magnetic flux cl ntours at two
different timeo during a simulation r: FRX formation.

t-O.Z ua t-ok bm

Rehultm and further detallm w1ll be preuented,

1.

2.

3.

‘1,

5.

6.

7.
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